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Abstract
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In proton therapy, the radiological thickness of a material is commonly expressed in terms of
water equivalent thickness (WET) or water equivalent ratio (WER). However, the WET
calculations required either iterative numerical methods or approximate methods of unknown
accuracy. The objective of this study was to develop a simple deterministic formula to calculate
WET values with an accuracy of 1 mm for materials commonly used in proton radiation therapy.
Several alternative formulas were derived in which the energy loss was calculated based on the
Bragg–Kleeman rule (BK), the Bethe–Bloch equation (BB) or an empirical version of the Bethe–
Bloch equation (EBB). Alternative approaches were developed for targets that were
‘radiologically thin’ or ‘thick’. The accuracy of these methods was assessed by comparison to
values from an iterative numerical method that utilized evaluated stopping power tables. In
addition, we also tested the approximate formula given in the International Atomic Energy
Agency's dosimetry code of practice (Technical Report Series No 398, 2000, IAEA, Vienna) and
stopping power ratio approximation. The results of these comparisons revealed that most methods
were accurate for cases involving thin or low-Z targets. However, only the thick-target formulas
provided accurate WET values for targets that were radiologically thick and contained high-Z
material.

1. Introduction
In many cases, proton radiation therapy provides lower integral dose to the patient compared
to other external beam modalities. In particular, the finite range of a proton beam may be
adjusted such that the therapeutic dose vanishes beyond the tumor. The proton range, which
is commonly expressed in terms of its equivalent range in liquid water, may be precisely
controlled by the accelerator (Coutrakon et al 1997), energy degrader system (Jongen et al

© 2009 Institute of Physics and Engineering in Medicine
3
Author to whom any correspondence should be addressed.

Zhang and Newhauser

Page 2

1996), a range shifter in the treatment head (Newhauser et al 2007b) and a range
compensator (Wingate et al 1977, Fontenot et al 2007).
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In proton therapy, water provides an excellent tissue-like phantom material for measurement
of beam range and absorbed dose (International Commission on Radiation Units and
Measurements (ICRU) 1998). The beam penetration range, as well as the thickness of
components in the proton beam path, is commonly prescribed in terms of its penetration
depth in liquid water, or water equivalent thickness (WET). In some situations, it is
convenient to specify the water equivalent ratio (WER), which is the ratio of WET to
material thickness, because WER values are approximately constant for some target
thicknesses and beam energies and easier for comparison of results under different
measurement or calculation conditions.
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For clinical applications in proton therapy, WET values were traditionally measured by
observing the range shift associated with the introduction of a test object, such as an
immobilization device. In this technique, a pair of otherwise identical measurements yields
the range shift in a water phantom, which is equal to the WET (Moyers 1999, Moyers et al
1992, Schneider et al 2002). In addition, several techniques have been suggested for
calculating WET values. The International Atomic Energy Agency (IAEA) proposed an
approximate technique to predict WET using the ratio of continuous-slowing-down
approximation (CSDA) ranges (in g cm−2) in water and the material of interest, and
provided WET data for polymethylmethacrylate (PMMA) and polystyrene (IAEA 2000).
Newhauser (2001) reported exact and approximate methods for calculating WET values
along with WET data for PMMA and A-150 plastic. Newhauser et al (2007a) proposed a
numerical method to calculate WET and WER values for gold, stainless steel and titanium.
Their results revealed that WER calculations depend on proton energy and thickness,
especially for high-density objects such as implanted fiducial markers and components in
the treatment head (WER values decrease 1.1% from 0.1 cm to 0.5 cm stainless steel for 60
MeV proton beam, and increase 7.3% from 30 MeV to 250 MeV proton beam for 0.1 cm
stainless steel). This is important in that many routine clinical tasks require high-accuracy
WET calculations involving high-density materials. However, prior to the current work,
these calculations required either iterative numerical methods or approximate methods of
unknown accuracy.
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The aim of this work was to develop and validate analytical expressions to calculate the
WET of materials of arbitrary density, elemental composition and thickness for proton beam
energies of up to 250 MeV. The expressions should be simple, convenient to use and
accurate to within 1 mm, i.e. small in comparison to the component of the distal margin
associated with range uncertainties. The approach we used was to calculate the energy loss
in the material of interest using expressions based on theoretical range-energy relations.

2. Methods and materials
Given a slab of material with thickness tm and mass density ρm, a proton beam with initial
energy Ei and a residual range R in water, the WET of the material is the thickness of water
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(tw) that results in the same R. The unitless quantity WER is the ratio of tw to tm. Figure 1
shows the WET concept schematically.
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The general equation for WET is

(1)

where ρw and ρm are the mass densities of water and material, respectively, and S̅m and S̅w
are the mean proton mass stopping power values for the material and water, respectively,
defined by

(2)
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It is convenient to classify targets arbitrarily as being radiologically ‘thick’ or as being
radiologically ‘thin’. We shall define the special case of a thin target as a target in which the
proton beam loses only a small fraction of its energy. In contrast, we define a thick target as
a target in which the proton energy loss is sufficiently large. In principle, classifying a target
as the radiologically ‘thick’ or ‘thin’ depends on the initial beam energy, the material
composition, the material density and the physical thickness. For simplicity, we define the
thin target exclusively in terms of fractional energy loss that is less than a constant, or

(3)

where δ is the energy-loss constraint with a typical value of 0.3 (δ is discussed in detail in
section 3). For ‘thin’ targets, a point value of S(Ei) can be used in equation (1) instead of the
mean value S̅.
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In order to investigate the influence of the target material on the WET calculation, different
targets of lead (ρ = 11.3 g cm−3), aluminum (ρ = 2.70 g cm−3) and PMMA (ρ = 1.19 g
cm−3), respectively, representing high-, medium-, and low-density materials, were used in
the theoretical calculations.
2.1. Numerical method
The numerical method of WET calculation (Newhauser et al 2007a), denoted in this work
by NM, was used as the standard of comparison for both thin and thick targets for several
reasons: first, NM can calculate many more data than measurement because it can deal with
any thickness and any material, while it's difficult to measure all of them; second, NM is the
most accurate calculation method so far, while single measurement may comprise the
accuracy; third, the purpose of this paper is to simplify the math process to reproduce
results, NM is an independent crosscheck. In this method, the path-length-averaged mass
stopping power (S) is defined as

Phys Med Biol. Author manuscript; available in PMC 2014 August 21.

Zhang and Newhauser

Page 4

(4)
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The thickness of the water slab, tw, was needed as a limit of integration. To solve this
problem, we iteratively determined tw that yielded the same proton energy loss that occurred
in targets by finding the root of

(5)

where the energy loss in the slabs was calculated with

(6)

Despite its accuracy, this method is computationally intensive, and therefore, it is not very
suitable for some clinical applications.
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2.2. Thin-target approach
In the following sections, four methods are presented for calculating WET values for
radiologically ‘thin’ targets. These methods do not consider the energy change of proton
beam in the targets.
2.2.1. Bragg–Kleeman rule—The relationship between energy and range of proton
beams in any given material can be determined using the Bragg–Kleeman (BK) rule (Bragg
and Kleeman 1905):

(7)
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where α is a material-dependent constant, E is the initial energy of the proton and p is an
energy-dependent parameter. A special case of equation (7) is Geiger's rule with p = 1.5,
which is valid for protons that have an energy up to about 10 MeV (Evans 1982). For
simplicity, we used p as a material-dependent constant in this study. The accuracy of
equation (7) has been discussed by several studies (Bortfeld 1997, Ulmer 2007).
From equation (7), we can derive the expression for the point value mass stopping power,

(8)

with α and p values obtained by fitting to either residual ranges or stopping powers data
(Ziegler et al 1985). Substituting equation (8) into equation (1), we obtain the thin-target
approximation, or
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(9)
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with initial energy Ei used for the E value.
2.2.2. Bethe–Bloch and empirical Bethe–Bloch equations—The Bethe–Bloch
(BB) equation (Bethe 1930, Bloch 1933) for the energy loss of heavy charged particles is

(10)

where NA is Avogadro's number, re is the classical electron radius, me is the mass of
electron, Z is the atomic number of absorbing material, A is the atomic weight of absorbing
material, z is the charge of incident particle, β = v/c where v is the velocity of the incident
particle, γ = (1 − β2)−1/2, and Tmax is the maximum energy transferred to a single electron
and is defined by
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(11)

At low energy, Tmax ≈ 2me c2β2γ2. Other variables in equation (10) are I, the mean
excitation energy of the absorbing material; δ(β), the ‘density correction’ arising from the
shielding of remote electrons by close electrons, which results in a reduction of energy loss
for higher energies, and C(β), the ‘shell correction’, which is only important for low energies
where the particle velocity is of the same order of magnitude as the velocity of the atomic
electrons. Because δ(β) and C(β) were approximately zero for all proton energies used in this
study (Leo 1987), we ignored the last two items in the brackets of equation (10) for
subsequent calculations.
For compounds, we need to know the mass fraction of each constituent element before we
can calculate the effective mean excitation energy, Ieff, for the mixture as
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(12)

where ai, Zi, and Ii are the number of atoms, the atomic number and the mean excitation
energy of the ith element in the compound, respectively (Leo 1987).
For thin targets, we derived the following formula for WET based on the BB equation:

(13)
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The only uncertain item is I, which can be found in previously published work (Sternheimer
et al 1984).
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Instead of using tabular values for I, we proposed the following empirical form of the BB
equation (EBB), in which I for a single element is empirically calculated by I = kZ, and

(14)

This approach is similar to other previously reported empirical approaches (Bloch 1933,
Sternheimer 1952, Barkas and Berger 1964, Mukherji 1975, Dehmer et al 1975) but has the
advantage of both simplicity and, in principle, applicability to elements commonly found in
proton therapy beams. In equation (14), it was assumed that I depends weakly on the Z value
of the absorber element. The rationale for this approach was primarily to determine if the
accuracy of the BB method could be improved upon by using an empirical and Z-dependent
adjustment to the I values.
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2.2.3. Stopping power ratio (SPR) approximation—For thin targets, if the stopping
powers for different point value energies are known, one can use the thin approximation of
equation (1) to calculate WET directly, i.e.

(15)

where Ei is the initial energy of a proton beam. For some energies, if stopping power data
are not available, one can interpolate the stopping power data based on equation (8) by
linearly fitting ln(S) over ln(E).
2.3. Thick-target approach
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For arbitrarily thick targets, the energy changes cannot be ignored and the mean mass
stopping powers in equation (1) must be calculated. Consequently, the equations used for the
thin-target approach must be generalized to take into account the energy gradient through
thick targets.
Accordingly, for the BK rule,

(16)

where Ei(Ef) is the initial (final) energy. According to the BK rule,
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(17)
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where x is the distance that the incident particle travels in the material. So the final energy of
the proton beam after penetrating the target is

(18)

By plugging equation (16) into equation (1), the expression of WET is

(19)

For the BB equation, the mean mass stopping power can be approximated as
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(20)

where Ei is the initial energy; the final energy can be calculated by Ef = E(R − tm). After
getting the numerical values of mean mass stopping powers for the target and water, WET
can be calculated by plugging equation (20) into equation (1).
The IAEA (2000) proposed that WET can be approximated by

(21)

where the depth scaling factor, cm, can be calculated, to a good approximation, as the ratio
of the CSDA range (in g cm−2) in water to that in the target:
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(22)

Thus, equation (21) can be rewritten as

(23)

Because the range in equation (23) corresponds to the complete loss of ion energy, this
approach may be considered a stopping-length-target approximation, which means that the
target thickness must be larger than the beam range, so the application field of IAEA
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approximation is very narrow, while any target thickness can be calculated by using other
thick-target approach.
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Because there is no theoretical range–energy relation used to calculate energy loss in SPR
approximations, it was not developed in the thick-target approach.

3. Results
We used the approach based on the thin-target approach to calculate the WET values of
several targets, including 1.5 cm of lead, 1.5 cm of aluminum and 10 cm of PMMA. The
corresponding best estimates of the true WET values for these slabs were calculated using
the iterative numerical method (NM). The parameters used in the BK rule (see equation (7))
for different materials are listed in table 1. Figure 2 shows the ratios between the WET
values calculated using the various methods to those calculated by the NM as a function of
proton energy.
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In this work, the analytical formulas to calculate WET were classified according to
approximations in calculating the energy loss in the target; we also classified targets as
radiologically ‘thin’ or ‘thick’ using a value of δ of 0.3 in equation (3). The thin-target
approach generated much better results (which means to be closer to the results from
standard NM) for radiologically ‘thin’ targets, in which the energy loss ΔE/E was small
(open symbols in figure 2) compared to that of ‘thick’ targets (solid symbols in figure 2),
especially for high density material (lead). The formulas based on the BK rule, the EBB
equation, and SPR approximation generated better results than the approaches based on the
BB equation.
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The thick-target approach, based on the BK rule, BB equation and EBB equation, provided
good results for all cases considered. Figure 3 shows the ratios between WET values
calculated by different thick approach and those calculated by the NM as a function of
proton energy. Compared to the thin approach (see figure 2), the thick approach gave overall
better results for various materials at different energies, especially for ‘thick’ targets, except
for IAEA approximation. For both radiologically ‘thin’ and ‘thick’ targets, the EBB
equation using equation (14) generated the most accurate results for lead (figure 3(c)); the
BK rule gave the most accurate results for low- and medium-density materials (figure 3(a)).
Both of them gave better results than the BB equation (figure 3(b)). However, the
performance of IAEA approximation was much worse than the other methods, especially for
high Z material (figure 3(d)).
To compare the overall performance of the various methods, we plotted the maximum WET
deviations, ΔRmax, where ΔR = |WET − WETnum|, relative to the corresponding prediction
from the NM for all proton energies used. ΔR may be considered as the ‘range’ error
associated with the methods in the WET calculation. Figure 4 includes ΔR values from
various calculation methods, target thicknesses, and target materials. For lead targets (figure
4(a)), the range errors associated with methods in the WET calculations were large—
typically 1-3 mm for thin approach, less than 1 mm for thick approach. In PMMA and
aluminum, the range errors were small—less than 1 mm in all cases considered.
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The largest deviations in WET calculation for any material at any given thickness almost
always occurred when the beam was at the lowest possible initial energy. This is because the
energy loss ratio is the largest near the threshold energy. The data showed that for mediumand low-density materials, the deviations in WET were always less than 1 mm (figure 4(b),
(c)). Figure 5 shows the ΔR values using the thick-target approach for high-density material
lead. If we increased the energy constraint to δ = 0.7, i.e., after raising the lowest initial
energy, the 1 mm goal for the accuracy of estimates was achieved in all cases for the BK
rule and EBB equation (but not for the BB equation).
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Figure 6 and table 2 show the WER values calculated using the NM for different materials
with different thicknesses. Those data reveal that WER values depend strongly on the target
material, the beam energy and the target thickness. The WER values were higher for
material with higher density for beams of the same energy. For the high-density material
(lead), WER ranges from 5.409 for 110 MeV proton energy to 5.748 for 250 MeV proton
energy, revealing its obvious dependence on the energy. WER also decreases slightly as the
target thickness increased from 0.1 cm to 1.5 cm for the high-density material. For the
medium-density material (aluminum), WER has a slight dependence on energy and target
thickness at energies less than 100 MeV but was almost independent of these factors at
higher beam energies. For the low-density material (PMMA), WER is almost independent of
proton energy and target thickness.

4. Discussion
We evaluated several methods to calculate WET and WER values for both radiologically
‘thin’ and ‘thick’ targets. For high-density material, we found that our EBB equation gave
the most accurate results for WET values; for medium- and low-density materials, the BK
rule performed better. For radiologically ‘thin’ targets, all the methods provided reasonable
accuracy, except for IAEA approximation when applied to lead targets. For radiologically
‘thick’ targets, the thick-target approach generally provided better accuracy than the simpler
thin-target approach.
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Our findings suggest that selecting an appropriate approach to calculate WET values may be
critical in some cases. We present the following examples as clinically relevant scenarios. If
the clinical requirement on range accuracy is 1.5 mm, then the range error associated with
approximations in the WET calculation must be less than 1.5 mm. Thus, the required
accuracy of the WET value for a typical lead scattering foil could be met with the thicktarget approach based on the BK rule and the EBB equation while the other analytical
approximations would introduce unacceptably large range errors. In contrast, if the accuracy
requirement on WET for a 2 cm thick PMMA range compensator is 0.2 mm, any of the
approaches considered would yield satisfactory results.
The clinical significance of this work was that we showed that several simple methods could
be used to calculate WET values with small, known errors. The calculation of WET is
important for the configuration of treatment planning systems and for routine quality
assurance procedures in medical physics. The analytical formulas developed in this work
will facilitate the convenient and accurate calculation of WET values.

Phys Med Biol. Author manuscript; available in PMC 2014 August 21.

Zhang and Newhauser

Page 10

NIH-PA Author Manuscript

The results of our study are consistent with previous investigations. For example, the
dependence of WER values on proton energy and thickness, especially for high density
objects, was similar to previous work (Newhauser et al 2007a). Our WER values for PMMA
were consistent with that from the IAEA report (IAEA 2000) (1.160) and Newhauser (2001)
(1.162). The relative linear stopping powers reported by Moyers (1999) for PMMA and
aluminum were 1.162 and 2.114, respectively, for 200 MeV proton beam, which are in good
agreement with our WER values. The WER values for PMMA and aluminum reported by
Schneider et al (2002) were 1.14 and 2.08 for 177 MeV proton beam, which are also
consistent with our results.
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Our study has some limitations. First, we considered a limited number of target materials
and thickness. Although the empirical method to calculate mean excitation energy worked
reasonably well for the materials we considered, it is not known if this method is applicable
to other materials (EBB is also applicable to gold and titanium, data not shown). Second, we
looked at energy loss and range shift only; we intentionally excluded the dosimetric
implications of multiple coulomb scattering and nuclear reactions. These may be important
for proton beams of small lateral size (Schneider et al 2002). Third, as the results showed,
calculations from the BB equation had much larger errors than the other methods, which
may due to the uncertainty in the mean excitation energy values.
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Figure 1.

Schematic illustration of the concept of WET.
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Figure 2.

The ratio of WET values calculated from thin approach (a) BK rule, (b) BB equation, (c)
EBB equation and (d) SPR approximation to those of the NM as the function of energy for
1.5 cm lead (squares), 1.5 cm aluminum (circles) and 10 cm PMMA (triangles). Solid
symbols stand for radiologically ‘thick’ targets while open symbols stand for radiologically
‘thin’ targets.
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Figure 3.

The ratio of WET values calculated using the thick approach (a) BK rule, (b) BB equation,
(c) EBB equation and (d) IAEA approximation to the NM as the function of energy for 1.5
cm lead (squares), 1.5 cm aluminum (circles) and 10 cm PMMA (triangles). Solid symbols
stand for radiologically ‘thick’ targets while open symbols stand for radiologically ‘thin’
targets.
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Figure 4.

Maximum WET deviation, ΔRmax, of different methods from the standard NM for (a) lead,
(b) aluminum and (c) PMMA with different target thicknesses.
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Figure 5.

WET deviation, ΔR, using the thick-target approach for 1.5 cm lead as a function of energy
loss.
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Figure 6.

Calculated water-equivalent ratio (WER) values by the NM as a function of proton beam
energy. This plot illustrates the dependence of WER value on the target material, the beam
energy and the target thickness.

NIH-PA Author Manuscript
Phys Med Biol. Author manuscript; available in PMC 2014 August 21.

Zhang and Newhauser

Page 18

Table 1

NIH-PA Author Manuscript

Fitting parameters α and p for different materials for the BK rule. The energies for the
proton beams used in the fit were from 10 to 250 MeV and the range and energy data
were taken from Ziegler et al (1985)
Lead

α

6.505 ×

p

1.676

Aluminum
10−4

1.364 ×
1.719

10−3

PMMA
2.271 ×
1.735

Water
10−3

2.633 × 10−3
1.735

NIH-PA Author Manuscript
NIH-PA Author Manuscript
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Table 2

NIH-PA Author Manuscript

NIH-PA Author Manuscript
–
–

5.161

5.264

5.334

5.388

5.431

5.468

5.5

5.528

5.554

5.578

5.599

5.619

5.638

5.656

5.672

5.688

5.703

5.717

5.731

5.744

5.757

5.769

40

50

60

70

80

90

100

110

120

130

140

150

160

170

180

Phys Med Biol. Author manuscript; available in PMC 2014 August 21.

190

200

210

220

230

240

250

5.748

5.735

5.721

5.706

5.69

5.674

5.655

5.637

5.616

5.594

5.569

5.538

5.506

5.465

5.409

–

–

–

–

–

–

4.977

30

–

1.5 cm

–

0.1 cm

20

E0 (MeV)

Lead

2.118

2.117

2.116

2.115

2.114

2.113

2.111

2.11

2.109

2.107

2.106

2.104

2.102

2.1

2.097

2.095

2.091

2.088

2.083

2.077

2.069

2.057

2.038

1.994

0.1 cm

2.117

2.116

2.115

2.114

2.113

2.112

2.11

2.109

2.107

2.106

2.104

2.102

2.1

2.097

2.094

2.091

2.086

2.081

2.071

2.045

–

–

–

–

1.5 cm

Aluminum

WER

1.157

1.157

1.157

1.157

1.157

1.157

1.157

1.158

1.158

1.158

1.158

1.158

1.158

1.158

1.158

1.158

1.158

1.158

1.158

1.159

–

–

–

–

2 cm

1.157

1.157

1.157

1.157

1.157

1.157

1.158

1.158

1.158

1.158

1.158

1.158

1.159

–

–

–

–

–

–

–

–

–

–

–

10 cm

PMMA

Calculated WER values by the NM as a function of proton energy E and target thicknesses, respectively. Dashed table entries indicate that
the proton beam stopped in the target
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